Abstract. The contribution of this paper is two-fold. The first one is to derive a simple formula of the mean curvature form for a hypersurface in the Randers space with a Killing field, by considering the Busemann-Hausdorff measure and Holmes-Thompson measure simultaneously. The second one is to obtain the explicit local expressions of two types of nontrivial rotational BH-minimal surfaces in a Randers domain of constant flag curvature K = −1, which are the first examples of BH-minimal surfaces in the hyperbolic Randers space.
Introduction
The Randers manifold plays a fundamental role in the Finsler geometry. The simply connected Randers manifolds of constant flag curvature are called the Randers space forms, which were classified by using the Zermelo's navigation method in [1] . The minimal surfaces in the flat Randers space forms ( [2, 3, 9, 10, 11, 12] ) and the positively curved Randers space forms ( [4, 5] ) have been studied in recent years. It is a common sense that finding any explicit minimal surface is an interesting work in Riemannian geometry. However, due to the complexity of the Finsler geometry, there is no known minimal surfaces in any negatively curved Finsler space up to the authors' best knowledge. The negatively curved Randers space forms will be called hyperbolic Randers space forms in this paper, and we successfully find explicit nontrivial minimal surfaces under the Busemann-Hausdorff measure in the hyperbolic Randers space form.
The author in [4] gave a formula of the mean curvature form in the Randers space by using the navigation data (h,W ) in the case thatW is a Killing field of constant length. However, according to the classification of Randers space forms in [1] , the hyperbolic Randers space forms are modeled on the nonpositvely curved Riemannian space forms with conformal (Killing) vector fields. In view of this, the formula in [4] in general can not be used to study the hypersurfaces in the hyperbolic Randers space forms, because of the nonexistence of nontrivial Killing fields of constant length in the Riemannian manifold of negative Ricci curvature.
By a straightforward computation, this paper will show that even in the case thatW is Killing only, the mean curvature formulas in the Randers space under both the Busemann-Hausdorff measure and Holmes-Thompson measure are extremely simple, which generalize the formulas in [4] . Also surprisingly, under the Busemann-Hausdorff measure, the formula enables us to obtain the explicit local expressions of two types of nontrivial BH-minimal surfaces (spherical and hyperbolic types) in an open domain of a hyperbolic Randers space form with flag curvature K = −1.
This paper is organized as follows. In Section 2, we give the formula of mean curvature form of a submanifold immersed in a Randers manifold by using Zermelo's navigation method (Theorem 2.1). This formula is applicable for both the Busemann-Hausdorff measure and the Holmes-Thompson measure, which has a very simple form when considering the hypersurface case andW is Killing (Theorem 2.5). In Section 3, we consider an open domain of a hyperbolic Randers space form (K = −1) with a Killing field of mixed S and J type ( [1] ), and then we obtain the explicit local expressions of nontrivial BH-minimal surfaces of spherical and hyperbolic types in this domain (Theorem 3.2).
Mean curvature of submanifolds by the method of navigation
In this section, we derive the formula of mean curvature for an n-dimensional submanifold isometrically immersed in an (n + p)-dimensional Randers manifold (M ,F ) with navigation data (h,W ), where (h,W ) consists of a Riemannian metrich = h αβ dx α dx β and a vector fieldW =W α ∂ ∂x α satisfying Wx h < 1 at any pointx ∈M . For the theory of Zermelo's navigation representation of Randers metrics, we refer to [1] . In this paper, we shall use the following convention of index ranges:
Einstein summation convention is also used throughout this paper.
For an isometric immersion f :
For a Finsler metric, there are two classical induced volume forms called Busemann-Hausdorff volume form and Holmes-Thompson volume form. At each point x ∈ M , the volume form dV F of the induced metric F with respect to these two volume forms can be written in an uniform way
The mean curvature form H f = H γ dx γ comes from the variation of volume functional of the submanifolds with induced metrics ( [8] ), precisely,
where F depends on the volume forms ( [8] , [12] ). Denote (4) s
where
For the induced Randers metric F , the function F can be simultaneously given by
where ̺ = ̺(s) and χ are given by
, for the BH case,
, for the HT case. (5) See Sec. 2 in [4] for the details. The volume ratio function for the Randers metric introduced in [4] is given by
, for the HT case, (6) which appears naturally when we study the hypersurfaces isometrically immersed in Randers manifolds, and a similar function was given in [2] for general (α, β)-manifolds.
Let ∇M be the Levi-Civita connection of (M ,h),W α|η =h αβW β |η and letW β |η be the coefficients of the covariant (1, 1)-tensor ∇MW . Denote
be a submanifold isometrically immersed in a Randers manifold, locally given by (1) . Suppose the navigation data of (M ,F ) is (h,W ). Then the BH-mean curvature form (resp. the HT-mean curvature form) H f = H γ dx γ of f is given by
where the notation τ := τ (5) 
It is easy to show
det(h ij ) with (̺, χ) given by (5) . From the equations (4), (9), (12) and (13), we compute
Next, we compute the second term of (3). Since W h is independent of z α i , by (7), h ij =h αβ z ∂ ∂z
It is easy to show (4), (17) and (18) we get ∂ ∂z
By (7) and (15), we can compute easily
Differentiating (19), using (16), (17), (18), (20) and by a direct computation, we get
where B γη :=h γα B α η . Contracting the equation (21) gives
We then compute the third term of (3). Note thatW α|η andΓ δ τ η are independent of z γ i . By (14), (16), (17), (18) and the first equality of the equation (21), we get immediately
Now by (14), (22) and (23), we compute the mean curvature form (3):
It is well known that for a Riemannian isometric immersion f : (M, h) → (M ,h), the second fundamental form is given by τ := τ IfW is a Killing field, thenW α|β +W β|α = 0 and Theorem 2.1 reduces to the following theorem by a straightforward computation.
be a submanifold isometrically immersed in a Randers manifold, locally given by (1) . Suppose the navigation data of (M ,F ) is (h,W ), whereW is a Killing vector field. Then the BH-mean curvature form (resp. the HT-mean curvature form) [4] . Although the formula (27) is much more complicate than that in [4] , it will be sharply simplified in the hypersurface case by using the following lemma, which is really surprising.
Now we assume that
) is a hypersurface and N is a unit normal vector field on f (M ). We shall use ∂ α instead of ∂ ∂x α and , instead of , h for simplicity of notations.
Lemma 2.4. In the case of hypersurface
) with navigation data (h,W ), whereW is a Killing vector field, for anyX ∈ TM along f , we have , and noticing the notation (7), we compute
which implies the first equation of (28) immediately. TakingỸ =W in (33) and noticing w = N,W , we prove the second equation of (28). TakingỸ = ∇M df (W )W in (33), we have
which implies the first equation of (29) immediately. Note that the Riemannian mean curvature H for the hypersurface in the direction of N is defined by h ij τ α ij ∂ ∂x α = nHN . Noticing w = N,W , we prove the second equation of (29).
TakingỸ =W in (33), we get W , N N =W α (h αγ − B αγ )∂ γ =W − df (W ), and then df (W ) = W − wN . For X, Y ∈ T M , it follows from (25) that
where ∇ M is the Levi-Civita connection of (M, h). For the hypersurface M and the chosen unit normal field N , we denote τ (X, Y ) =: B(X, Y )N . Then we compute
where we use
∂x j ∈ T M , we get that (30) follows from
and (31) is proved by takingX =W in (30). Similarly, since df (W ) =W − wN , (32) follows from
The formula (27) is very complicated, but luckily, by using Lemma 2.4, several terms in (27) can be annihilated and the final form seems quite simple. We believe that this formula will play an important role in the future study of cmc surfaces in Randers space forms.
F ) be a hypersurface isometrically immersed in a Randers manifold. Suppose the navigation data of (M ,F ) is (h,W ), whereW is a Killing vector field. Then for anyX ∈ TM along f , the BH-mean curvature (resp. the HT-mean curvature) of f is given by
where N is a unit normal field of f : (M, h) → (M ,h), H is the Riemannian mean curvature with respect to N , ∇w is the gradient of w with respect to h, w := N,W h , s = 1 − w 2 , χ is given by (5) and Φ(s) is given by (6) , respectively.
Proof: By (4) and (33), we get
Then by using Theorem 2.2 and Lemma 2.4, we compute 1 , YI-BING SHEN
The proof is completed.
Observing that χ = 1 in the BH-case, we immediately get the following simpler formula, which enables us to study the BH-minimal surface in the hyperbolic Randers space in the next section.
F ) be a hypersurface isometrically immersed in a Randers manifold. Suppose the navigation data of (M ,F ) is (h,W ), whereW is a Killing vector field. Then for anyX ∈ TM along f , the BH-mean curvature of f is given by
where the notations are the same as those in Theorem 2.5 and Φ(s) is given by (6) in the BH-case. [4] . This enables us to get both nontrivial BH-minimal surfaces and HTminimal surfaces in the Bao-Shen sphere in [5] . Note that whenW is Killing only, the formula in Corollary 2.6 is applicable only for the BH-case.
Remark 2.7. IfW is a Killing field of constant length, then χ is a constant both in the BH-case and the HT-case, and the formula in Theorem 2.5 reduces to the same one as in Corollary 2.6, which is Theorem 3.3 in

Remark 2.8. Although Theorem 2.5 only states for the BH-volume form and HT-volume form, it actually holds for the hypersurface endowed with any volume form in the form
) are arbitrary smooth functions (not only (5)).
Rotational BH-minimal surfaces of spherical and hyperbolic types
Let (p 1 , p 2 , p 3 , p 4 ) be the coordinates of L 4 with the Lorentzian metric g L 4 = −(dp 1 ) 2 + (dp 2 ) 2 + (dp 3 ) 2 +(dp 4 ) 2 , and let
It is well known that the induced metrich on H 3 has constant sectional curvature Kh = −1. For fixed numbers ε 1 = 0 and ε 2 = 0, we consider the Killing fieldW = (
3 which is not of constant length and we call it a Killing field of mixed S and J type by using the terminology in [1] . Note that if ε 1 = ε 2 = 0, thenW is the scaling of the distinguished Killing field (p
In order to guarantee W h < 1, we consider the domain
In this section, we shall use Corollary 2.6 to obtain the nontrivial rotational BH-minimal surfaces in the domain Ω ⊂ H 3 with a Randers metricF whose navigation data is (h,W ). By [1] , (Ω,F ) is a regular Randers space of constant flag curvature KF = −1.
The rotational surface of spherical type is parametrized by X :
x 1 (t) = 0, and the rotational surface of hyperbolic type is parametrized by X :
where x(t) := x 1 (t), y(t) := x 1 (t) 2 − 1 cos φ(t), z(t) := x 1 (t) 2 − 1 sin φ(t), x 1 (t) > 1. In both cases, φ(t) :
)dσ where δ = 1 for the spherical case and δ = −1 for the hyperbolic case. The rotational surface of spherical type is obtained by rotating the curve γ(t) = (x(t), y(t), z(t), 0), t ∈ R, in H 3 around the p 1 p 2 -plane, and the rotational surface of hyperbolic type is obtained by rotating the curve γ(t) = (x(t), 0, y(t), z(t)), t ∈ R, in H 3 around the p 3 p 4 -plane, respectively. One can check that for both types the parameter t is the parametrization of arc length with respect to the standard hyperbolic metric, i.e., In the following, we shall study the rotational surfaces of spherical and hyperbolic types simultaneously. We shall consider the minimal surfaces which are not the cases in Remark 3.1 (i.e. δ + x 2 1 − x ′2 1 = 0). A unit normal vector field of X in H 3 is, for the spherical case,
and for the hyperbolic case,
which can be checked directly by computing that X t , N = X θ , N = X, N = 0 and N, N = 1, where the notations X t and X θ denote the derivatives with respect to t and θ, and , denotes the Lorenz metric of L 4 . A straightforward computation shows that the metric matrix (h ij ) = ( ∂ x i X, ∂ x j X ) of (37) and (38) have the uniform form
, where x 1 := t, x 2 := θ. The principal curvatures are given by −λ 1 and −λ 2 with
and therefore the mean curvature of the Riemannian immersion X :
, corresponding to this normal field N , is given by
1 , where δ = 1 for the spherical case and δ = −1 for the hyperbolic case. The Killing fieldW , restricted to the surface (37) and (38), is respectively given bỹ
It follows from (41) and (42) that, for the spherical type,
, and for the hyperbolic type,
, which can be written in the uniform form w = −ε k x ′ 1 , k = 1, 2, where we are using the identity −xx ′ + yy ′ + zz ′ = 0, which is derived from −x 2 + y 2 + z 2 = 1 by taking the derivative with respect to t.
Similarly, by separate computations, we write the following term for the spherical and hyperbolic surfaces in a uniform form 
where we are using the equation (45), k = 1, δ = 1 for the spherical type and k = 2, δ = −1 for the hyperbolic type. Therefore, the BH-minimal surfaces in the form (37) and (38) can be respectively reparametrized by (48) X(s, θ) = ( 1 + x 2 1 cosh φ, 1 + x 2 1 sinh φ, x 1 cos θ, x 1 sin θ) and (49) X(s, θ) = (x 1 cosh θ, x 1 sinh θ, x 2 1 − 1 cos φ, x 2 1 − 1 sin φ), where x 1 = x 1 (s) and φ = φ(s) are given by (46) and (47), respectively. Note that in (46), s = 1/(3ε 2 k ). So, the parameters are s ∈ (0, 1/(3ε 1 , where k = 1, δ = 1 for the spherical type and k = 2, δ = −1 for the hyperbolic type.
